In this paper we consider the continuous-time nonlinear filtering problem, which has an infinite-dimensional solution in general, as proved by Chaleyat-Maurel and Michel. There are few examples of nonlinear systems for which the optimal filter is finite dimensional, in particular the Kalman, BeneS, and Daum filters. In the present paper, we construct new classes of scalar nonlinear systems admitting finite-dimensional filters. We consider a given (nonlinear) diffusion coefficient €or the state equation, a given (nonlinear) observation function, and a given finitedimensional exponential family of probability densities. We construct a drift for the state equation such that the resulting nonlinear system admits a finite-dimensional filter evolving in the prescribed exponential family, provided the coefficients of the exponential family include the observation function and its square.
Introduction
The nonlinear filtering problem has an infinitedimensional solution in general. Constructing nonlinear systems for which the optimal filter is finite dimensional is a problem which has received considerable attention in the past. It turned out that such systems are quite rare. Examples were given by Bene; [l] and Daum [4] . Instead On the probability space (52, F, P) with the filtration {Ft , 0 5 t 5 2') we consider the following scalar state and observation equations:
We set at := U;. Time invariance of h is needed to simplify exposition. Notice also the presence of the observation sample path We shall assume that for all 0 5 t 5 T, the probability distribution vt has an unnormalized density qt w.r.t. the Lebesgue measure. In the general case, qt does not evolve in a finite-dimensional parametrized family of unnormalized densities. In the linear case, qt evolves in the manifold of unnormalized Gaussian densities. Some other examples where qt evolves in a finitedimensional family are given in BeneS [l] , and Daum [4] . Notice, however, that in these examples the drift ft is not allowed to depend on
In the present paper we focus on (unnormalized) exponential families, according to the following where ( 0 , p ) := [e,,-.-,e,,/3 
]T and U C 00 x R is
open, is called an unnormalized exponential family of probability densities. 3 
Solution and examples
T h e o r e m 3.1 Let at = C $ and h be given, and let EU(c) be a given unnormalized exponential family, with c1 = h and c2 = h2. If the drift ft is defined by with and Of := 0;' for i = 3 , . . . , m , then the optimal nonlinear filter for the system (1) with coefficients ut,at and h, has the density qt = q ( . , et for the system dyt = X t d t + d K , Yo = 0, with at = U:, is finite dimensional and has conditional law with density It seems, at a first sight, that our result contradicts classical results on nonexistence of finite dimensional filters, such as for example Chaleyat-Maurel and Michel [3] , and the related works Ocone and Pardoux [7] , and Levine [6] . This contradiction appears a natural consequence of the arbitrariness of ot and h. Nonetheless, there is no real contradiction. Indeed, since et depends on the observation sample path = (Ys, 0 5 s 5 t ) , the drift itself depends on the observations. This assumption is not allowed in the works mentioned before, and indeed we cannot construct a nonlinear filtering problem with prescribed (nonlinear) ut and h, with drift ut which does not depend on the observations, and whose solution remains finite dimensional. We have to allow for observationdependent drift in order to prove our result.
